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Abstract

A tiling T of the Euclidean plane (E2) is a countable collection of closed topological
disks called tiles T = {Ti : i ∈ N} that is a covering (

⋃
i Ti = E2) as well as a packing

(Int(Ti) ∩ Int(Tj) = ∅ if i ̸= j, Int(T ) denotes the interior of tile T ).
One of the problem of interest in discrete geometry is the classification of tilings based

on transitivity properties of their vertices, edges and tiles. This talk presents a family of
tilings whose vertices, edges and tiles form simultaneously a, b and c orbits, respectively,
under the action of its symmetry group. Such tilings are called (a, b, c) tilings.

Starting from the regular tiling of E2 by triangles or hexagons with symmetry group G,
we introduce a method for constructing (a, b, c) tilings. We also present formulas on the
admissible values of a, b and c that can occur for (a, b, c) tilings with a prescribed symmetry
group H ≤ G.
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Introduction

A tiling T of X (X is the Euclidean plane (E2), hyperbolic plane (H2) or 2-dimensional
sphere (S2)) is a countable collection of closed topological disks called tiles T = {Ti : i ∈ N}
that is a covering (

⋃
i Ti = X) as well as a packing (Int(Ti)∩Int(Tj) = ∅ if i ̸= j, Int(T ) denotes

the interior of tile T ). The intersection of any two distinct tiles can be a set of isolated points
and arcs. The points are called vertices of T and the arcs are called edges of T . A vertex with
p edges incident to it is said to have valence p. The tiling T is edge-to-edge if the intersection
of any of its two tiles is either the common edge or vertex of the tiles, or empty.

The symmetry group G of T is the group of isometries of X that leave T invariant. The
elements of G are called symmetries of T .

Consider a vertex x, edge E or tile T of T and H a subgroup of G (H ≤ G). The stabilizer of
x (respectively E, T ) in H denoted by StabH(x) (respectively StabH(E), StabH(T )) is defined
as the group consisting of elements of H that fix x, that is, StabH(x) = {h ∈ H : hx = x}
(respectively StabH(E) = {h ∈ H : hE = E}, StabH(T ) = {h ∈ H : hT = T}). For H ≤ G, the
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set Hx = {hx : h ∈ H} (respectively HE = {hE : h ∈ H}, HT = {hT : h ∈ H}) is defined as
the orbit of x (respectively E, T ) under the action of H. A group G is said to act transitively
on a set of vertices, edges or tiles of T if there is only one orbit of vertices, edges or tiles of T ,
respectively, under G.

If the symmetry group G of a tiling T forms k orbits of vertices, edges or tiles of T , then
the tiling is called, respectively, k-isogonal, k-isotoxal or k-isohedral. If k = 1, then T is called
an isogonal, isotoxal or isohedral tiling, respectively.

A tiling T of X is called an (a, b, c) tiling if T forms a, b and c orbits of vertices, edges and
tiles, respectively under the action of its symmetry group G. T is also called an a-isogonal,
b-isotoxal and c-isohedral tiling. Not all triples a− b− c can be realized as an (a, b, c) tiling. In
[??], Chavey states that in an (a, b, c) tiling, a ≤ b+ 1 and c ≤ b+ 1.

The tilings under consideration in this study are edge-to-edge tilings with tiles that are
closed and bounded topological disks. We assume the tilings are such that the intersection of
two tiles is a connected set. We exclude tilings with digons (tiles with two edges) or tilings with
vertices of valences two.

In this paper, the symmetry group of a tiling is described using Conway’s orbifold notation,
which is based on the type of symmetries occurring in the group [??,??]. The symbol ∗ denotes a
reflection, × a glide reflection or rotoreflection, ◦ a translation and a positive integer u indicates
a u-fold rotation. If u comes after ∗, the symmetry there is dihedral of order 2u (e.g. center of
rotation lies on a reflection axis). For tilings of E2 or H2, a center of rotation of order n, n > 2
will be labeled by an n-gon. A twofold rotation will be labeled by an oval.

Objectives of the Study

1. Discuss a systematic method to construct an (a, b, c) tiling of the Euclidean plane

2. Given a symmetry group type, determine the possible values of a, b, c that yields an
(a, b, c) tiling arising from the triangle or hexagon tilings

Methodology

Theorem. Let T be an edge-to-edge tiling of E2 with symmetry group G. Let H ≤ G. If
H forms r̄ orbits of tiles, s̄ orbits of edge and t̄ orbits of vertices in T . Then, there exists an
(a, b, c) tiling T ∗ satisfying a < r̄, b < s̄, c < t̄ with symmetry group G∗ such that H ≤ G∗.

Proof. Let T be an edge-to-edge tiling of E2 with symmetry group G. Consider H ≤ G
such that H forms r̄ orbits of tiles, s̄ orbits of edges and t̄ orbits of vertices in T . Consider
Ti ∈ HTi , i = 1, . . . , r. Take xi ∈ Int(Ti) such that hxi = xi, for all h ∈ StabH(Ti). Form
V = Hx1 ∪ Hx2 ∪ · · · ∪ Hxr̄ Take Ej ∈ HEj , j = 1, . . . , s̄ Consider xj,1 ∈ Int(Tj,1) ∩ V and
xj,2 ∈ Int(Tj,2) ∩ V, Tj,1, Tj,2 are tiles incident to Ej Connect xj,1 and xj,2 by an edge E∗

j

such that hE∗
j = E∗

j ∀h ∈ StabH(Ej) Form T ∗ = HE∗
1 ∪ · · ·HE∗

s̄ . HT ∗ = T ∗. The symmetry
group G∗ of T ∗ contains H. Suppose G∗ = H, then T is an (r̄, s̄, t̄) tiling. Suppose G∗ > H,
then certain orbits of vertices edges or tiles under H collapse to a smaller number of orbits un-
der G∗. Thus, T ∗ is an (a, b, c) tiling where a < r̄, b < s̄, c < t̄ and has symmetry group H ≤ G∗.

Theorem. Suppose G acts transitively on the set O of tiles, edges or vertices of a tiling.
Let H ≤ G. If H forms m orbits of tiles, edges or vertices in O and StabH(x) is finite, then

[G : H] =
m∑
i=1

|StabG(x)|
|StabH(xi)|

where xi, i = 1, . . . , n, is an orbit representative in each orbit of tiles, edges or vertices under
H and x ∈ O.
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Theorem Let T be a hexagonal tiling of E2 with symmetry group G ∼= p6mm. Suppose
T is a tiling obtained from T using a subgroup H such that H ∼= p6mm and [G : H] = 3n2

for some n, then T ∗ is an ((n2 + n)/2, (3n2 + 4n)/4, (n2 + 4n + 4)/4) tiling if n is even and
((n2 + n)/2, (3n2 + 4n+ 1)/4, (n2 + 4n+ 3)/4) tiling if n is odd.

Other (a, b, c) tilings
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Future Direction
Determine the possible values of a, b, b that yields an (a, b, c) tiling with symmetry group of

types c2mm, p2gg, p2mg, p2mm, c1m1, p1g1, p1m1, p211, p1 arising from the square tiling, tri-
angle or hexagonal tiling.
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