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We revisit the quantum correction to the classical time of arrival to address the unphysical instantaneous arrival 
in the limit of zero initial momentum. In this study, we show that the vanishing of arrival time is due to the 
contamination of the causality-violating component of the initial wave packet. Motivated by this observation, 
we propose to update the temporal collapse mechanism in Galapon (2009) [18] to incorporate the removal of 
causality-violating spectra of the arrival time operator. We found that the quantum correction to the classical 
arrival time is still observed. Thus, our analysis validates that the correction is an inherent consequence of 
quantizing a time observable and is not just some mathematical artifact of the theory. We also discuss the 
possible application of the theory in describing point interactions in particle physics and provide a possible 
explanation to the observed neutron’s lifetime anomaly.

1. Introduction

The quantum nature of time is one of the unresolved and contro-
versial topics in the foundation of quantum mechanics. Not to mention 
that the quantum time problem is as old as quantum mechanics itself 
[1]. One major concern is whether to treat time as a parameter or as an 
observable. The latter treatment captures the interest of several stud-
ies, which are motivated by different experimental developments and 
proposals of new experiments that can be used to test different theories 
[2–11].

Perhaps the most popular topic in the quantum time problem is the 
measurement of time of arrival. The problem can be unambiguously 
formulated because we can write down the classical expression for the 
arrival time. One can then apply some quantization rule to construct a 
quantum time of arrival (QTOA) operator and study its spectral proper-
ties. Probability distributions and expectation values can be calculated 
and compared with experiment if there is any.

Once we have constructed our QTOA operator, a natural direction of 
inquiry is to find any quantifiable differences with the classical counter-
part. Some studies are done in this area where the quantum corrections 
are calculated for different kinds of systems and different quantization 
schemes [12–15]. For the case of free particle, one can calculate the ex-
pectation value of a Weyl quantized free time of arrival expression. It 
was shown in [16] that, for a Gaussian wave packet, the quantum cor-
rection factor is a function of the dimensionless quantity 𝑘0𝜎0 where 
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𝑘0 is the incident wave number and 𝜎20 is the initial position variance. 
However, it was found that the quantum correction factor vanishes as 𝑘0
approaches zero. The vanishing of arrival time at zero incident momen-
tum is already pointed out in [17], suggesting that such result precludes 
the use of usual operator treatment of time observable.

In this work, we show that the vanishing of the quantum arrival 
time can be removed by applying the causality requirement to the tem-
poral collapse mechanism in [18]. We first make a brief review of the 
standard formulation of QTOA theory in section 2. We explicitly show 
in section 3 that the quantum arrival time vanishes in the original for-
mulation. The crucial step to ensure that the quantum arrival time is 
consistent with causality is to remove the contribution coming from the 
causality-violating component of the initial state. We do this in section 4
by introducing a regulator that suppresses the divergence of momen-
tum integration due to the end-point singularity as 𝑝 → 0+. One of the 
important results of this study is that, even after imposing causality, 
the quantum correction to the classical time of arrival is still present. 
We then discuss in section 5 the possibility of explaining the neutron 
lifetime anomaly as a consequence of quantum correction to time ob-
servable. Finally, we conclude in section 6.

2. Quantum time of arrival

In this section, we quickly summarize the QTOA theory for a free 
particle. The classical expression for the arrival time at point 𝑋 of a 
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Fig. 1. The regulated free evolution of the TOA operator eigenfunctions for the left-right basis in (a) and (b), and the even-odd in (c) and (d). For all cases we set 
𝑋 = 0 and 𝜏 = 5.0. All the other constants are set to unity.

particle with mass 𝜇, momentum 𝑝, and initial position 𝑞 is given by 
𝜏𝑐𝑙𝑎𝑠𝑠 = 𝜇(𝑋 − 𝑞)∕𝑝. Using symmetric quantization, the corresponding 
QTOA operator is obtained [19]

𝑇̂ = 𝜇

2
[
(𝑋 − 𝑞)𝑝̂−1 + 𝑝̂−1(𝑋 − 𝑞)

]
. (1)

It can be shown that the operator 𝑇̂ satisfies the expected commutation 
relation [𝑇̂ , 𝐻̂] = −𝑖ℏ with the free Hamiltonian 𝐻̂ = 𝑝̂2∕2𝜇 [19–21].

The operator in (1) is not defined for 𝑝 = 0, which can be remedied 
by removing 𝑝 = 0 in the momentum spectrum [22]. The degenerate 
eigenfunctions of 𝑇̂ with eigenvalue 𝜏 can be expressed in terms of the 
right-left basis [23]

𝜙±(𝑝) =
⟨
𝑝|𝜏±⟩ =

√|𝑝|
𝜇

𝑒−𝑖𝑋𝑝∕ℏ√
2𝜋ℏ

𝑒𝑖𝜏𝑝
2∕2𝜇ℏΘ(±𝑝) (2)

or the even-odd basis [24]

𝜙even(𝑝) = ⟨𝑝|𝜏even⟩ =
√|𝑝|

𝜇

𝑒−𝑖𝑋𝑝∕ℏ√
2𝜋ℏ

𝑒𝑖𝜏𝑝
2∕2𝜇ℏ

𝜙odd(𝑝) = ⟨𝑝|𝜏odd⟩ =
√|𝑝|

𝜇

𝑒−𝑖𝑋𝑝∕ℏ√
2𝜋ℏ

𝑒𝑖𝜏𝑝
2∕2𝜇ℏsgn(𝑝).

(3)

The Θ(±𝑝) and sgn(𝑝) are the Heaviside and the signum functions, re-
spectively. Both bases evolve via the free unitary evolution operator 
𝑈̂ (𝑡) = 𝑒−𝑖𝑡𝑝̂2∕2𝜇ℏ, smoothly transitioning from a spread out distribution 
into a localized wave function at the point 𝑞 =𝑋 at the eigenvalue time 
𝑡 = 𝜏 as shown in Fig. 1. We refer to this behavior as unitary collapse. 
The distributions at 𝑡 = 𝜏 for Fig. 1(a)-(c) with singular support at 𝑞 =𝑋
(a 𝛿(𝑞 −𝑋)-like distribution) fits the description of particle appearance. 
Notice that when the particle’s path is known, the unitary collapse al-
ways results into particle appearance at the arrival point. This is not 
the case when the path is not known, i.e., the unitary collapse may re-
sult into particle detection as shown in Fig. 1(c) or something else as 
shown in Fig. 1(d). The position distribution at 𝑡 = 𝜏 of Fig. 1(d) fits 
the description of non-detection at the arrival point [24]. Specifically, 
we have a non trivial distribution (we know the particle is somewhere) 
that is zero at the arrival point (the detector will not click) and with a 
vanishing position variance (no position uncertainty). Thus, the quanti-
zation of the classical arrival time expression gives us something more 
than just particle appearance at the arrival point.

The natural unitary evolution from a spread out wave function into a 
distribution with singular support changes the ordering of collapse and 
free evolution in a time of arrival measurement. In the conventional 
description, the initial wave function evolves unitarily and then col-
lapses at the instant of detection. In [18], the ordering is reversed. The 
initial wave function collapses into one of the QTOA operator eigen-
functions at the instant of preparation (or particle creation) and then 
the eigenfunction naturally evolves into a function with singular sup-
port at the position of the detector. We call this the Galapon collapse 

mechanism (GCM) [25]. The GCM is a more natural description since 
the time of preparation is the only instance when an external agent is al-
tering the system. After the preparation, there is no reason for a random 
collapse to happen just to have a detection. That is, the observed detec-
tion should be a direct result of unitary evolution. For this matter, the 
theory of QTOA operator with GCM provides a reasonable description 
of the time of arrival measurement.

3. Vanishing arrival time

The demonstration that there exists quantum correction to the clas-
sical time of arrival can be facilitated by comparing the expectation 
value of QTOA operator with the classical value. The likelihood that 
an initial state |𝜓0⟩ will collapse to one of the QTOA eigenstate |𝜏⟩ is 
given by |⟨𝜏|𝜓0⟩|2. It follows that the measured time duration can be 
expressed as an expectation value of 𝑇̂ with respect to the initial state |𝜓0⟩. In position representation, we have

𝜏quant = ⟨𝜓0|𝑇̂ |𝜓0⟩
=

+∞

∫
−∞

𝑑𝑞𝜓∗
0 (𝑞)

+∞

∫
−∞

𝑑𝑞′⟨𝑞|𝑇̂ |𝑞′⟩𝜓0(𝑞′).
(4)

From (1), the kernel ⟨𝑞|𝑇̂ |𝑞′⟩ requires the evaluation of ⟨𝑞|𝑝̂−1|𝑞′⟩. One 
can perform the Cauchy principal value integration of ⟨𝑞|𝑝̂−1|𝑞′⟩ since 
𝑝 = 0 is removed from the momentum spectrum (see [22] for an alter-
native method). The result is ⟨𝑞|𝑇̂ |𝑞′⟩ = 𝑖𝜇 (2𝑋 − 𝑞 − 𝑞′

)
sgn(𝑞 − 𝑞′)∕4ℏ.

It is more convenient to separate the momentum dependence in the 
initial state. We let 𝜓0(𝑞) = 𝜑(𝑞)𝑒𝑖𝑘0𝑞 where ℏ𝑘0 is the initial momen-
tum and choose a 𝜑(𝑞) such that the centroid is at 𝑞 = 𝑞0 with variance 
𝜎20 . To ensure that the momentum dependence is only in the factor 
𝑒𝑖𝑘0𝑞 , we impose ∫ 𝑑𝑞𝜑0(𝑞)∗𝜑′

0(𝑞) = 0. It is worth noting that the cho-
sen initial state can only collapse into the right-left basis in (2) with the 
accompanying unitary evolution in Fig. 1(a)-(b). Now, the integral in 
(4) can be simplified by introducing the following dimensionless vari-
ables: 𝑢 =

[
(𝑞 + 𝑞)′∕2 − 𝑞0

]
∕𝜎0 and 𝑣 = 𝑘0(𝑞 − 𝑞′). Transforming the 𝑞𝑞′

integral into 𝑢𝑣, we obtain the Jacobian 𝜎0∕𝑘0. The 𝑘0 of the Jacobian 
can be combined with the ℏ in the kernel ⟨𝑞|𝑇̂ |𝑞′⟩ giving the momentum 
𝑝0 = ℏ𝑘0. Except for the 𝜎0, all the other constants combine to form the 
classical arrival time 𝜏class = 𝜇(𝑋 − 𝑞0)∕𝑝0. For a Gaussian wave packet 
𝜑(𝑞) = (

√
2𝜋𝜎0)−1∕2𝑒

−(𝑞−𝑞0)2∕4𝜎20 , the 𝑢 and 𝑣 integrals factorize with the 
𝑢 integral canceling the 𝜎0 of the Jacobian giving us

𝜏quant = 𝜏class

∞

∫
0

𝑑𝑣 sin𝑣 exp

(
− 𝑣2

8𝑘20𝜎
2
0

)
. (5)

For any non-zero 𝑘0𝜎0, the 𝜏quant gives a non-zero measurable value. 
The integral in (5), which is also the ratio 𝜏quant∕𝜏class, is referred to 
as the quantum correction factor. One noticeable feature of the correc-
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Fig. 2. (a) The quantum correction integral factor in Eq. (5) as a function of 
𝑘0𝜎0 . (b) Quantum arrival times for different Gaussian wave packets with dif-
ferent position variances 𝜎20 . For all cases, we set 𝑞0 = −5 and the arrival point 
at 𝑋 = 0. The classical arrival time is shown for comparison.

tion factor is that it is dependent only on 𝑘0𝜎0 or, equivalently, on the 
information of initial state.

Fig. 2(a) shows the behavior of the quantum correction factor as a 
function of the dimensionless quantity 𝑘0𝜎0. The high 𝑘0𝜎0 region cor-
responds to the classical limit where the de Broglie wavelength, 2𝜋∕𝑘0, 
is too small compared to 𝜎0. The quantum correction is prominent (far 
from 1) in the region where the low energy de Broglie wavelength is 
comparable to the size of the wave packet, i.e. 𝜎0 ∼ 1∕𝑘0. However, at 
some point, the correction begins to drop and approach zero. Surpris-
ingly, recent work involving relativistic treatment still gives vanishing 
correction factor in the limit of zero initial momentum [14]. One can 
argue that the vanishing of the correction factor is caused by 𝜏class →∞
as ℏ𝑘0 → 0 and that 𝜏quant will give a non-vanishing result. This is not 
the case as shown in Fig. 2(b) where 𝜏quant vanishes as 𝑘0 → 0 sug-
gesting instantaneous arrival. It was already pointed out in [16] that 
the vanishing of 𝜏quant∕𝜏class is due to the negative momentum compo-
nent of the initial wave packet but no further justification was made 
whether the behavior is physical or not. Consequently, it is also imper-
ative to discuss whether the calculated correction is a consequence of 
time quantization or just a mathematical artifact associated with neg-
ative momentum component. Additionally, a physical argument must 
be added to justify the removal of the negative momentum component. 
It turns out that the inclusion of causality in the GCM can provide a 
coherent picture.

4. The role of causality

Causality plays a very special role in any physical theories. Vio-
lating causality will give wrong commutation relations for the boson 
and fermion operators which will result into wrong statistics [26–28]. 
Causality is also one of the guiding principles in constraining the ana-
lytic structure of S-matrix in order to interpret and parametrize scat-
tering data [29–31]. In the formulation of a theory involving time, 
causality should play a central role.

The GCM provides an operational interpretation for 𝑡 = 0 in the 
QTOA theory. Specifically, 𝑡 = 0 is aptly interpreted as the instant of 
preparation where the initial wave function collapses into one of the 
QTOA operator eigenfunctions. Knowing that the QTOA eigenfunction 
can evolve into a function representing particle detection at time 𝑡 = 𝜏 , 

then the only causally permitted scenario is when 𝜏 > 0. That is, causal-
ity requires that particle detection cannot precede state preparation or 
particle creation. For an initial wave packet considered in this work, the 
negative momentum components correspond to negative arrival times 
since the spatial support of the Gaussian is located left of the arrival 
point. Thus, we need to remove the component of the momentum that 
violates causality.

The removal of the causality-violating term of the initial state is 
more transparent in the momentum representation. Equation (4) is now

𝜏quant =

+∞

∫
−∞

𝑑𝑝⟨𝜓0|𝑝⟩⟨𝑝|𝑇̂ |𝜓0⟩ (6)

where

⟨𝑝|𝑇̂ |𝜓0⟩ = −𝑖𝜇ℏ
(
1
𝑝

𝑑

𝑑𝑝
− 1
𝑝2

+ 𝑖 𝑋
ℏ𝑝

)
𝜓̃0(𝑝). (7)

We use the same initial wave packet but in its momentum representa-
tion:

⟨𝑝|𝜓0⟩ = 𝜓̃0(𝑝)

=

(
2𝜎20
𝜋ℏ2

)1∕4

𝑒
−(𝑝−𝑝0)2𝜎20−𝑖(𝑝−𝑝0)𝑞0∕ℏ.

(8)

The parameters appearing in (8) are the same parameters in the posi-
tion representation of our chosen initial state. After differentiating, we 
obtain the following explicit form

𝜏quant = −𝑖𝜇ℏ

+∞

∫
−∞

𝑑𝑝

𝑝2
|𝜓̃0(𝑝)|2 [−2𝑝(𝑝− 𝑝0)𝜎20 + 𝑖𝑝(𝑋 − 𝑞0)

ℏ
− 1

]
. (9)

Certainly, the integrand is ill-defined at 𝑝 = 0. And even if we re-
moved 𝑝 = 0 in the momentum spectrum, the integral will still diverge 
when the peak of the momentum Gaussian distribution is close to zero. 
For this reason, we introduce a causality-enforcing regulator of the form 
exp(−𝜖∕𝑝) where 𝜖 > 0. The chosen regulator does not affect the large 
positive momentum component since exp(−𝜖∕𝑝) → 1 as 𝑝 → +∞. That 
is, we expect that the classical limit (small de Broglie wavelength re-
gion) is not contaminated by the regulator. Furthermore, the regulator 
ensures that the negative momentum integration is still divergent due 
to end-point singularity (lim𝑝→0− exp(−𝜖∕𝑝) =∞), mimicking the expec-
tation that if the particle is moving away from the detector, then the 
waiting time for detection is infinity.

It must be pointed out that the suppression of 𝑝 = 0 via the causality-
enforcing regulator is not the same as the removal of the 𝑝 = 0 men-
tioned in section 2. The latter is needed to ensure that the operator in 
(1) is well defined. Now, despite the removal of 𝑝 = 0, the calculation of 
expectation value can still be facilitated using Cauchy principal value. 
However, this is no longer the case for the causality-enforced QTOA. 
The singularity is now at the end-point (half-integration) and a regu-
lator must be introduced. The advantage of the regulator exp(−𝜖∕𝑝) is 
that it ensures that the 𝑝 > 0 integration is finite-valued and it gives a 
divergent result for the 𝑝 < 0 causality-violating part.

As a sanity check, we verify first if the original result in (5) would be 
recovered using the regulated integral in (9). For this part, we temporar-
ily relaxed the regulator to exp(−𝜖∕|𝑝|) just to extract some finite value 
from the negative momentum integration. Fig. 3 shows that the two cor-
rection factors agree as we let 𝜖→ 0. The result also demonstrates the 
equivalence of expectation values calculated in the position and in the 
momentum representations. For the subsequent analyses, setting 𝜖 to 
some small value will suffice to see the behavior of causality-preserving 
𝜏quant.

We can now check if the quantum correction would remain after 
the removal of causality-violating component of the initial state. This is 
done by replacing the lower limit of integration in (9) with 0. The result 
is shown in Fig. 4. Some important observations are worth mentioning. 
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Fig. 3. The full integral in (9) with the relaxed regulator 𝑒−𝜖∕|𝑝| approaching 
the original behavior of the quantum correction in (5) as 𝜖 → 0. The position 
variance 𝜎20 = (0.5)2 is used for all cases.

Fig. 4. The causality-preserving quantum arrival time with regulator 𝑒−𝜖∕𝑝 ap-
proaching unity. The classical and the causality-violating quantum arrival times 
are shown for comparison. The position variance 𝜎20 = (0.5)2 is used for all the 
quantum cases.

Fig. 5. The causality-preserving and causality-violating arrival times. The com-
bined result is also shown for comparison.

First, for all values of 𝜖, the results all agree with the classical arrival 
time in the classical limit. This should be expected since the contribu-
tion of the negative momentum component is minimized as the peak of 
the Gaussian momentum distribution moves away from 𝑘0 = 0. Second, 
the nonphysical instantaneous arrival at 𝑘0 = 0 is no longer present for 
the causality-preserving 𝜏quant. Notice also that as the regulator is re-
moved, the vertical intercept increases similar to the expected behavior 
of classical arrival time. Lastly, despite the similarity with classical ar-
rival time as 𝑘0 → 0 the quantum correction is still observed but the 
original result in (5) underestimated the correction. We can say that 
there is a range of incident initial momentum where quantum correc-
tion to the classical arrival time can be measured.

We also verify if the negative momenta were indeed causality-
violating (𝜏 < 0) and check if there were any regions where the negative 
momentum contributes to positive arrival time. We relaxed once again 
our regulator into exp(−𝜖∕|𝑝|) and evaluate the other half of the integral 
in (9). Fig. 5 shows the arrival time associated with negative momen-
tum. It is clear that, for the system considered so far, the regulated 
causality-violating part of the momentum distribution gives rise to non-
positive arrival time. Observe also that the two regulated 𝜏quant cancels 
out at 𝑘0 = 0, resulting to instantaneous arrival if one did not remove the 

Fig. 6. The causality-preserving quantum arrival time as a function of initial 
position variance. The values approached by the plots for large 𝜎0 correspond 
to the classical arrival times.

causality-violating component. Also, as the causality-preserving 𝜏quant
approaches the classical limit, the causality-violating part vanishes. 
Thus, no physical features are removed from the causality-preserving 
quantum arrival time when we drop the negative momentum part of 
the initial wave packet.

It still remains to ask on what is the meaning of negative arrival 
time. In [17], it was proposed that the distribution associated with the 
negative arrival time be interpreted as non-detection probability. For 
this proposal to be acceptable, the QTOA eigenfunction should not uni-
tarily reduce to a Dirac-delta like distribution for all possible values of 
parametric time 𝑡. However, if we set the eigenvalue time to some neg-
ative values, 𝜏 < 0, we still observe similar behavior as shown in Fig. 1
but with peak appearing on the negative parametric time 𝑡 = 𝜏 < 0. This 
means that the negative arrival time still gives rise to particle appearing 
at 𝑞 =𝑋. Now, with 𝑡 = 0 as the preparation time, the negative arrival 
time is not physically meaningful because it implies violation of causal-
ity. This argument is in direct contrast to what is being proposed in [17]
because non-detection is a physical outcome of an arrival time measure-
ment. The only plausible explanation for negative arrival time is that 
it is an unphysical mathematical feature of the theory, which can be 
removed by imposing causality. For a more detailed discussion of non-
detection in a QTOA measurement, we direct the reader to Ref. [24].

Care must be taken when extracting the quantum arrival time for an 
initial wave packet with two different momentum peaks. For this case, 
one needs to refer to the evolution of the even eigenfunctions in Fig. 1. 
We no longer think in terms of positive or negative momentum as the 
causality-violating part of the initial state. It is now the outgoing flux 
relative to the arrival point that will give rise to unphysical negative 
arrival time. At the moment, removal of causally-violating component 
for the mentioned case is not yet considered and will be addressed else-
where.

Recall that the quantum correction depends on two quantities asso-
ciated with the initial state. One is the incident momentum ℏ𝑘0, which 
we have thoroughly discussed, and the other is the position variance 
𝜎20 . We have systematically removed the unphysical instantaneous ar-
rival when 𝑘0 = 0 but 𝜎0 → 0 will still give rise to vanishing arrival 
time. Fig. 6 shows the causality-preserving QTOA for different incident 
momenta. The vanishing of arrival time here is no longer associated to 
causality but a consequence of the uncertainty principle and the lack of 
a speed upper bound in quantum mechanics. Specifically, as we let the 
position variance vanish, the width of the momentum distribution gets 
larger. The particle will have momentum component that can exceed 
the speed of light resulting to vanishing arrival time. It is possible that 
the turning points seen in Fig. 6 are the values of 𝜎0 where the large mo-
mentum component starts to dominate. In any case, before the turning 
point, there is a noticeable correction to the classical arrival time as 𝜎0
gets smaller. This implies that the conclusion of [16] still holds. That is, 
different sizes of wave packets result into different arrival times despite 
having the same incident momentum. Thus, combining all our obser-
vations, the causality-preserving quantum correction to arrival time is 
dependent on the initial preparation of the system.
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5. Possible application

The QTOA theory composed of GCM, unitary collapse in Fig. 1, 
and the recent proposal of imposing causality goes beyond the time 
of arrival measurement. To illustrate this, consider a simple three-point 
interaction vertex of some scalar field theory where the interaction La-
grangian is int = 𝑔𝜙𝐴(𝑥)𝜙𝐵(𝑥)𝜙𝐶 (𝑥), where 𝑔 is a coupling constant and 
𝜙𝑖(𝑥) is a scalar field evaluated at spacetime point 𝑥. This corresponds 
to the process 𝐴 → 𝐵 + 𝐶 . For a point interaction to happen, the scalar 
field 𝜙𝐴(𝑥) must be localized at the some spacetime point 𝑥. This must 
be the case because, in principle, we can trace the vertex of interaction 
by extrapolating the trajectory of decayed products (particles 𝐵 and 𝐶). 
Now, suppose a scalar particle 𝐴 is created at some localized point 𝑞 = 𝑞0
such that we can represent the field as a Gaussian. Under the evolution 
of some free-particle wave equation (Klein-Gordon or Schrödinger), the 
field is expected to spread out and not to be localized at some point. 
That is, point interaction will not happen and no particle should decay. 
However, if we invoke the GCM at the instant of particle 𝐴 creation, 
then the initial field will automatically collapse into one of the QTOA 
eigenfunctions with eigenvalue 𝜏 . The unitary evolution, governed by 
the free wave equation, will naturally reduce the spread out field into a 
localized field at the interaction point 𝑞 =𝑋 and at the instant of inter-
action 𝑡 = 𝜏 . Notice that the time interval from the moment of particle 
creation to the instant of point interaction defines the lifetime of that 
particle. Furthermore, within the particle’s lifetime, the field is evolv-
ing freely. Thus, the free quantum arrival time can be interpreted as a 
measure of lifetime.

In line with this, we now discuss the neutron lifetime anomaly in 
the framework of QTOA theory. From the above discussion, we can say 
that the neutron can only interact with the proton, electron, and an-
tineutrino fields if the neutron’s wave function is localized at the point 
of decay. Now, there is a small but noticeable difference in the life-
time of neutron based on two experimental methods [32,33]. The first 
one is the so called beam experiment where the neutron’s lifetime is 
measured to be 888.0 seconds [34–39]. The other one is the bottle ex-
periment with measured lifetime of 879.4 seconds [40,41]. The main 
difference between the two methods is the way the initial states are pre-
pared. Specifically, the beam and bottle experiments have different 𝑘0
and possibly different 𝜎0 due to the temperature difference [42]. Since 
the QTOA correction factor depends on the initial state, then the two 
preparations might be subject to different corrections. Proper estima-
tion of the initial state parameters of the two methods must be obtained 
to verify if the observed anomaly is just a quantum effect and not a 
manifestation of new physics.

Alternatively, it is possible that the types of preparations correspond 
to two types of QTOA evolution shown in Fig. 1. The beam experiment 
is appropriately described by the left-right basis in (2) which has been 
the focused of this study. On the other hand, the bottle experiment is 
best described by the even-odd basis in (3). The calculations of arrival 
time for states collapsing into the even-odd basis of the QTOA opera-
tor is not yet done and may not be straightforward because there is no 
classical counterpart to this set up. In addition, the initial state can col-
lapse into the odd eigenfunctions which correspond to no interaction 
(or non-detection). For this specific initial state, the behavior of the ar-
rival time as a function of initial state parameters may be completely 
different with the single-peak Gaussian wave packet. It is worth investi-
gating how the no interaction part will affect the lifetime of an unstable 
particle or the expected detection time of an arriving particle.

6. Conclusion

We updated the QTOA theory by imposing causality. In this updated 
theory, the quantum arrival time measurement proceeds as follows. The 
initial state collapses right away into one of the eigenfunctions of the 
QTOA operator. The collapse is accompanied by the removal of the 
causality-violating component in the initial state. This is followed by 

unitary evolution of QTOA eigenfunction. The evolution proceeds from 
a spread out field to a localized distribution at the arrival point at the 
instant equal to the QTOA eigenvalue. This localization of the state 
at a specific instant of time is what we interpret as detection. As of 
the writing of this work, only the updated QTOA theory provides an 
intuitive physical picture of a time of arrival measurement.

We also argue that the theory can be extended to describe the life-
time of an unstable particle. The preparation corresponds to the particle 
creation and the detection corresponds to the point interaction with the 
fields of the decay products. Such extension is valid because as long as 
the particle is freely propagating, standard quantum mechanics should 
provide a reasonable description. It is true that the vertex of interaction 
or decay point can happen anywhere and that the arrival description 
may not be fitting. But one can always count the number of decay events 
on a chosen point (interaction vertex) which effectively set the arrival 
point. Using this picture we also propose an explanation to the neu-
tron’s lifetime anomaly. That is, the observed discrepancy in the two 
measurements is a possible consequence of the quantum nature of time.
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