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CHARACTERIZING CONVERGENCE CONDITIONS
FOR THE M,-INTEGRAL

IAN JUNE LUZON GARCES* AND ABRAHAM PERRAL RACcA**

ABSTRACT. Park, Ryu, and Lee recently defined a Henstock-type
integral, which lies entirely between the McShane and the Hen-
stock integrals. This paper presents two characterizing convergence
conditions for this integral, and derives other known convergence
theorems as corollaries.

1. Introduction

Park, Ryu, and Lee [2] recently defined a Henstock-type integral,
and they call it M,-integral. Several properties of M,-integral were
established in [2] and [3]. Most of them parallel the usual properties of
an integral. One of these results is the Saks-Henstock Lemma. Moreover,
by providing examples, it was also shown that M,-integral lies strictly
between the McShane and the Henstock integrals.

Let o > 0 be a constant, and I = [a, b] a non-degenerate closed and
bounded interval in R. The following terms and notations are from [2].

(1) A partial partition D of I is a finite collection of interval-point pairs
([u,v],€) such that the closed intervals [u,v] are non-overlapping,
Ulu,v] € I, and ¢ € I. If J[u,v] = I, we call the partition D
simply a partition.

(2) A positive function defined on I is called a gauge on I.

(3) Let 0 be a gauge on I, and D = {([u,v],€)} a partial partition of
I If [u,v] € (€ —=08(£),£+6(8)) for all ([u,v],€) € D, then we say
that D is a d-fine McShane partial partition. Moreover, if D is a
McShane partial partition such that £ € [u, v] for all ([u,v],&) € D,
then D is called a é-fine Henstock partial partition.
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(4) A McShane partition D = {([u,v],§)} of I is said to be an M,-
partition if
Z dist(&, [u, v]) < a,
([uv],£)€D
where dist(z, J) = inf{|ly — z| : y € J}.
(5) Let D = {([u,v],£)} be a partial partition on I, and f a real-valued
function defined on I. We write

S(f.D)= > f(E-—u).

([u,0],£)eD

With these terms and notations, the definition of M,-integrability
can now be presented.

DEFINITION 1.1 ([2, Definition 2.1]). A function f : I — R is M,-
integrable if there exists a real number A such that, for each € > 0, there
is a gauge ¢ on [ such that

1S(f, D) — Al <e

for each J-fine M-partition D of I. Here, A is called the M-integral
of f on I, and we write A = [, f.

This paper presents two characterizing convergence conditions for
this new integral, and derives other known convergence theorems as
corollaries. The paper is outlined as follows. The main theorem and
its corollaries are presented in Section 2, while the proof of the main
theorem is shown in Section 3. The importance of one characterizing
convergence condition is shown by an example in Section 4.

Throughout the discussion, given a set £ C R, we denote E€ its
complement and p(F) its Lebesgue outer measure.

2. Main theorem and its consequences

Let {fn} be a sequence of M,-integrable functions on I = [a,b], and
fu(x) — f(x) for all x € I. We say that {f,} is
(1) My-convergent in Gordon’s sense if for every e > 0 there is a
gauge 0 on [ such that, for each é-fine My-partition D of I, there
corresponds an integer Np > 0 with the following property:

S D) = | £

<e€ for all n > Np.
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(2) M,-convergent to f in Bartle’s sense if for every € > 0 there
corresponds an integer N, > 0 such that if n > N, there is gauge
0n on I such that, for each d,-fine M,-partition D of I,

1S(fn, D) — S(f,D)| < e.

(3) equi-integrable if for every € > 0 there is a gauge § on I such that
if D is any J-fine M,-partition of I, then

'S(fn,m - [+

(3) dominated if there are M,-integrable functions g and h on I such
that g(x) < fu(x) < h(x) for all z € I and for all n.

(4) monotone if either f,(z) < fot1(z) for all z € I and for all n, or
fn(x) > foy1(x) for all z € T and for all n.

We now present the main theorem of the paper, whose proof is post-
poned to the next section.

<e€ for all n.

THEOREM 2.1. Let {f,} be a sequence of M,-integrable functions on
I such that f,(x) — f(x) for all x € I. Then the following statements
are equivalent:

(i) f is M,-integrable on I, and

/f: lim [ f,.
I n—oo Jr

(ii) {fn} is My-convergent in Gordon’s sense on I.
(i) {fn} is My-convergent to f in Bartle’s sense on I.

Observe that an equi-integrable sequence is a special type of M-
convergent sequence in Gordon’s sense. Thus, the following corollary is
an immediate consequence of our main theorem.

COROLLARY 2.2 (Equi-integrability). Let {f,} be a sequence of M-
integrable functions on I such that f,(z) — f(x) for all x € I. If {f,}
is an equi-integrable sequence, then f is M,-integrable on I, and

/f: lim ey
I n—oo Jr

We now prove that a dominated sequence and a monotone sequence
are special types of equi-integrable sequence. Following [1, Theorem
9.13(b)], every nonnegative M,-integrable function on I is also McShane
integrable there, and their integrals are equal. We use this fact in the
proofs of the following corollaries.
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COROLLARY 2.3 (Dominated Convergence Theorem). Let {f,} be a
sequence of M,-integrable functions on I such that f,(x) — f(zx) for all
x € I. If {f,} is a dominated sequence, then it is equi-integrable on I.
Consequently, the function f is M,-integrable on I, and

/f: lim )y
I n—oo Jr

Proof. Tt is not difficult to verify that |f, — fi| < h— g on I and for
all m,n. Let € > 0 be given.

The function ¢ = h — g is M,-integrable function on I, and so there
exists a gauge d, on I such that if D is a d,-fine M,-partition of I, then

‘S(¢,D)—/l¢‘ <e

Since it is nonnegative, the function ¢ is also McShane integrable on I,
which implies that the function ®(x) = [” ¢ is absolutely continuous
on I; that is, there exists a number n > 0 such that if {[a;,b;] : i =
1,2,...,m} is afinite collection of closed intervals in [a, b] with Y ", (b;—
a;) < n, then

m

D 1@(bi) = B(as)| < e

=1

Furthermore, by Egorov’s Theorem [1, Theorem 2.13], there exists an
open set O C I such that u(O) < n and f,, converges uniformly to f on
I'\ O. Choose an integer N > 0 such that

|fn(l') - fm(x” <€

for all m,n > N and for all x € T\ O.
Define a gauge 01 on I as follows:

S, (x) ifxeel\O
o1(z) = { Hfin{dw(x),dist(x,OC)} ifxeO.

Consider a §;1-fine M,-partition D of I, and integers m,n > N. Let D,
be the subset of D that has tags in I\ O, and let Dy = D\ D;. Also,
let Iy = U{[u,v] : ([u,v],§) € D1} and Is = | J{[u,v] : ([u,v],&) € Da}.
Using Saks-Henstock Lemma [2, Lemma 2.5] and the fact that p(l2) < 7,
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we obtain

< [S(fas D1) = S(fims D1)| + [S(fins D2) = S(fim, D2)
< eu(l1) + S(p, D9)
<

c(b—a)+ \sw,DQ) -/ @' FY e - aw)

< €eb—a)+2e

and
ﬂn—lm‘s

. fn - S(fnsz)

. fn_S(fN7D1) +

T fm - S(fmaDl) +

< 6e+e(b—a).

T fm - S(fm7D2)

Since each f, is M,-integrable on I, there exists a gauge 6 < d; on [
such that if D is any d-fine M-partition of I, then

S(fu, D /m

for1<n <N, and

‘ (far D /m

< 1S(fus D) — S(f. >\+] (fy.D /[fN]+
< 9¢ +2¢(b—a)

/IfN_/Ifn

for n > N. Therefore, the sequence {f,} is equi-integrable on I, and
the rest of the corollary follows from Corollary 2.2. O

COROLLARY 2.4 (Monotone Convergence Theorem). Let {f,} be a
sequence of M,-integrable functions on I such that f,(x) — f(x) for all
x € 1. If{f,} is a monotone sequence and lim f] fn < 00, then {f,} is

n—oo

equi-integrable on I. Consequently, the function f is M,-integrable on

I, and
/f— lim fn
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Proof. Assume that {f,} is nondecreasing. The proof for the case
when {f,} is non-increasing is similar. Then, for each n, the function
fn — f1 is nonnegative and M,-integrable on I. It follows that each
function f, — f1 is McShane integrable on I. Since (f, — f1) /" (f — f1)
and nhﬂl{.lo J;(fn — f1) < o0, by the Monotone Convergence Theorem for

McShane Integral [1, Corollary 13.4], the function f — f; is McShane
integrable (and so M,-integrable) on I. Thus, the function f is M,-
integrable on I. Since fi(x) < fp(x) < f(z) for all z € I and for all n,
applying Corollary 2.3 completes the proof. O

3. Proof of the main theorem

We will use the following lemma.

LEMMA 3.1. Let {f,} be a sequence of M,-integrable functions on
I such that f,(x) — f(x) for all x € I. If {f,} is M,-convergent in
Gordon’s or Bartle’s sense, then { [; fn} is a Cauchy sequence in R.

Proof. Suppose {f,} is M,-convergent in Gordon’s sense on I. Let
€ > 0 be given. Then there exists a gauge § on I, and we can choose a
particular d-fine M, -partition Dy of I such that

S(fn»Do)/Ifn

for some positive integer Np,, as guaranteed in the definition of M-
convergent sequence in Gordon’s sense. Since Dy is finite and f,(z) —
f(z) for all x € I, there exists an integer N > Np, such that

|S(fn, Do) — S(fm,Do)| < € for all m,n > N,

<€ for all n > Np,

which implies that

fo=

/1 fu = 8(far Do)

< 3e.

<

£ 1S(fus Do) — (s Do) + ]S<fm,Do> -/ fm]

Thus, { i) I fn} is a Cauchy sequence in R.

On the other hand, suppose {f,} is M,-convergent to f in Bartle’s
sense on I. Let € > 0 be given, and let N be the positive integer
guaranteed by the definition of M,-convergence in Bartle’s sense. If m



Characterizing convergence conditions for the M,-integral 475

and n are integers such that m,n > N, then there exist gauges 6,, and
0, on I such that, for every §,,-fine M,-partition D,, of I, we have

|S(fm7Dm) - S(f, Dm)| <,

and, for every d,-fine M,-partition D,, of I, we have

|S(fnan) - S(f,Dn)| < €.

Furthermore, since f,, and f, are M,-integrable on I, there exist gauges
8!.,0r on I such that, for every 4/, -fine M,-partition D], of I,

ﬂhﬁ@—zm%e

and, for every 0, -fine M,-partition D/, of I,

ﬂnﬂm—Am<e

Set d¢(x) = min{0,,(x), 0, (), ., (), 5], (z)} for € I. Therefore, if D is
d-fine M,-partition of I, then

_/Ifm ‘/Ifn—s(fn,D)’+|S(fn,D)—S(f,D)’

H&ﬁm—smmmuﬂ (s D _/m‘
< e,

and so { [, fn} is a Cauchy sequence in R. O

We are now ready to prove the Main Theorem (Theorem 2.1). We
break the proof into four parts.

(i) = (ii). Suppose that f is M,-integrable on I, and
/f = lim fn
n—oo
Let € > 0 be given. Then there is an mteger N > 0 such that

[r- s

and there exists a gauge d on I such that if D is a J-fine M,-partition
of I, then

<§ for all n > N,

‘(fD f’<



476 Tan June Luzon Garces and Abraham Perral Racca

Since each such D is finite and since f,,(z) — f(x) for all x € I, we can
choose for each D an integer Np > N such that

1S(fn, D) — S(f, D)| < % for all n > Np.

Thus, for every integer n > Np, we have

‘ (far D /n

<10 D) = 507D + [5(.0) = [ 1]+ [

<€,

- [ 1.

and so {f,} is My-convergent in Gordon’s sense on I.

(i) = (i). Suppose that {f,} is M,-convergent in Gordon’s sense
on /. By Lemma 3.1, the sequence {fI fn} is Cauchy in R, and so it
converges to some real number A. Let € > 0 be given. Then there exists
an integer N > 0 such that

/fn_ ‘< for all n > N,

and, as guaranteed in the definition of M,-convergence in Gordon’s
sense, there exists a gauge § on I such that if D is a §-fine M,-partition
of I, then

/fn—S(fn,D)’ <§ for all n > Np
I

for some integer Np > N. Since each such D is finite and since f,,(z) —
f(z) for all x € I, there is an integer ny > Np such that

[S(f, D) = 5(fu,, D)| < <.

3
Therefore, if D is any d-fine M,-partition of I, then
1S(f, D) — A
< IS(D) = S DI+ 8o D)~ [ | +| [ =4
<6

which implies that f is M,-integrable to A on I, and

/fA—hm fur

n—oo
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(i) = (iii). Suppose that f is M,-integrable on I, and

/ f= lim [ f,.
I n—ooJr
Let € > 0 be given. Then there is an integer N > 0 such that

[r- s

Since f,, is M,-integrable on I, there is a gauge 7, on I such that, for
every ~yn-fine M,-partition D,, of I,

S D) = [ 1,

Since f is M,-integrable on I, there is a gauge § on I such that, for
every O-fine M-partition D of I,

€
‘ﬂﬁm—/ﬂ<3.
I
Let 0, = min{d,y,}. For n > N, if D is é,-fine M,-partition of I, then

IﬂmD)SMDNS‘ﬂMD)AﬁL [ [

‘ﬁf—ﬂﬁDﬁ

which implies that {f,} is M,-convergent to f in Bartle’s sense on I.

<§ for all n > N.

<€
3"

+

+
< €,

(iiif) = (i). Suppose that {f,} is M,-convergent to f in Bartle’s sense
on /. By Lemma 3.1, the sequence {f[ fn} is Cauchy in R, and so it
converges to some real number A. Let € > 0 be given. Then there exists
an integer N, > 0 such that

€
Al < &
‘/IfNe ‘<37

and there is a gauge dn. on I such that, for every dy, -fine M,-partition
D of I, we have
€

’S(faD) - S(fNuD)’ < g
Moreover, since fy. is M,y-integrable on I, there is a gauge yn. on [
such that, for every vy, -fine M,-partition D of I,

‘S(meD) - /fNe <

I

Wl ™
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Let 0.(-) = min{on_ (), yn.(-)}. If D is é.-fine M,-partition of I, then

IS(f, D) — Al
< 1507.D) (. D) + (e D) = [ foe| +| [ 1.~ 4
<e,
which implies that f is M,-integrable to A on I, and
/ f=A4A= lim fn
This ends the proof of the theorem. O

4. An example

To exhibit the importance of the main theorem, we now give a se-
quence of M,-integrable functions that is not equi-integrable but is M-
convergent to a function in Bartle’s sense.

For each positive integer n, define
n ifxe(1/n,2/n),
fa(z) =4¢—n ifz e (2/n,3/n),
0 ifzxe|0,3]\{(1/n,2/n)U(2/n,3/n)}.

It is not difficult to compute that, for each n, f, is M,-integrable to 0
on [0, 3].

Cram 1. {f,} is My-convergent to 0 in Bartle’s sense.
To see this, it is not difficult to observe that
lim f,(z) =0 for each x € [0, 3].
n—oo

Let € > 0, and choose N, to be a positive integer such that 4N 1 < e.
For every positive integer n > N,, we define a gauge on I as follows:

5. (@) = {;dist(x,{yn,g/n,s/n}) it x ¢ {1/n,2/n,3/n},

—2 otherwise.

If D={(I,t)} be d,-fine M,-partition of I, we have
4
1S(fn, D)| <

— < €,
which ends the proof of Claim 1.

5\%

N
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CramM 2. Let 0 < € < 1. For any gauge ¢ on [0, 3], there is a J-
fine partial M,-partition D = {([u,v],£)} of [0,3] such that, for some
positive integer n,

> €.

To prove this claim, let § be an arbitrary gauge on [0, 3], and choose
a positive integer n such that 2n~! < §(0). Then D = {([0,2n71],0)} is
d-fine partial M,-partition of [0, 3], and

SUuD) = [

[0,2n—1]

= [fn(0)2/n) =1 =|0-1]=1>¢,

which ends the proof of the second claim.
Cram 3. {f»} is not equi-integrable.

To prove this, we suppose that {f,,} is equi-integrable. Let 0 < € < 1
be given. Then there is a gauge ¢ on [0,3] such that for any o-fine
M,-partition D of [0, 3]

< € for all positive integer n.

SUnD) = [ fo

[0,3]

By Saks-Henstock Lemma [2, Lemma 2.5, for any o-fine partial M-
partition D = {(I;,t;)} of [0, 3], we get

< € for all positive integer n,

‘S(fn,f?) - &

ul;

a contradiction to Claim 2. O

References

[1] R. A. Gordon, The Integrals of Lebegue, Denjoy, Perron, and Henstock, Grad-
uate Studies in Math. 4, Amer. Math. Soc. (1994).

[2] J. M. Park, H. W. Ryu and H. K. Lee, The M,-integral, J. Chungcheong Math.
23 (2010), no. 1, 99-108.

[3] J.M. Park, D.H. Lee, J.H. Yoon and H.K. Lee, The integration by parts for the
M -integral, J. Chungcheong Math. 23 (2010), no. 4, 861-870.



480 Tan June Luzon Garces and Abraham Perral Racca

*

Department of Mathematics

Ateneo de Manila University

Loyola Heights, Quezon City, The Philippines
E-mail: garces@math.admu.edu.ph

$ok

Mathematics and Physics Department
Adventist University of the Philippines
Puting Kahoy, Silang, Cavite, The Philippines
E-mail: rbrahm@yahoo.com



	Characterizing Convergence Conditions for the Mα-Integral
	Custom Citation

	tmp.1599809600.pdf.BddUf

